Let (PCC) denote the statement "products of complete uniform spaces are complete. We give a new proof that (PCC) is equivalent to the axiom of choice. We also show how (PCC) provides us with a gentle proof of Tychonoffs theorem.
Tychonoff 's theorem
A metric space (X, ρ) is complete if every Cauchy sequence converges, and it is totally bounded when, for every > 0, there exist finitely many balls B(x i , ) that cover X. One then can prove that a metric space is compact if and only if it is both complete and totally bounded.
There is a generalization of this theorem to uniform spaces that leads to a simple proof of Tychonoff's product theorem. A pseudometric ρ on a set X is a function that satisfies the axioms for a metric, except we allow the possibility that ρ(x, y) = 0 when x = y. A uniform space is a set X together with a family G of pseudometrics on X that satisfy 1. if ρ 1 and ρ 2 are in G, then so is ρ 1 ∨ ρ 2 (the maximum of ρ 1 and ρ 2 ).
2. If d is a pseudometric on X such that, for every , there exists ρ ∈ G and δ > 0 for which ρ(x, y) < δ implies d(x, y) < , then d ∈ G.
Let us refer to ρ 1 ∨ ρ 2 as the join of ρ 1 and ρ 2 , and we refer to a pseudometric d that satisfies the hypothesis in the second condition as one that lies below the family G. With this language, G forms a uniformity when it is closed under joins and contains all pseudometrics that lie below it. A uniform space (X, G) is totally bounded when (X, ρ) is totally bounded for every ρ ∈ G. A filter F in a uniform space (X, G) is Cauchy if F is ρ-Cauchy in (X, ρ) for every ρ ∈ G. A uniform space is complete when every Cauchy filter converges (the topology is the one generated by all of the ρ-balls, with ρ ∈ G). With these definitions in place we then prove that a uniform space is compact if and only if it is complete and totally bounded.
Proof.
Letting p α denote the projection of α∈I X α onto X α , we observe that the product topology is the one generated by the pseudometrics ρ(p α (u), p α (v)), as α varies over I and ρ varies in G α . This family of pseudometrics generates the uniformity of the product space by first forming the family of all possible joins, and then including all pseudometrics that lie below the family of joins. Verify that each of the generating pseudometrics is totally bounded (since each (X α , G α ) is compact), that the join of totally bounded pseudometrics is totally bounded, and the any pseudometric that lies below a family of totally bounded pseudometrics is totally bounded. In this way we see that the product uniformity is totally bounded. Verify that every Cauchy filter in the product space converges (since each coordinate converges). It follows that the product uniform space is complete and totally bounded, hence compact.
Where did we use the axiom of choice?
Axiom of choice
The axiom of choice (AC) is strictly stronger than the Boolean ultrafilter property (UP) [2] , which, for our purposes, says that every filter in a set X is contained in an ultrafilter in X. The Tychonoff theorem for arbitrary compact spaces is equivalent to AC [3] , while the Tychonoff theorem for compact Hausdorff spaces is equivalent to UP [4] . In our proof these equivalences divide neatly between the completeness and the total boundedness of the uniformity.
In the proof that the product of complete spaces is complete (PCC), the case that some of the coordinate spaces are not Hausdorff requires a choice of limit in that coordinate space, so AC is used to prove PCC. Conversely, we have Theorem 2 PCC implies AC.
Proof.
We proceed much as Kelley does in [3] : adjoin a common point x 0 , that lies in none of the X α , to each space and consider the uniform space on each enlarged space generated by the pseudometric ρ(x 1 , x 2 ) = 0 if x 1 and x 2 are both equal to x 0 , or neither of them equal x 0 , and ρ(x 1 , x 2 ) = 1 if one of x 1 and x 2 (but not both) equals x 0 . The resulting topology is then the indiscrete topology on X α with x 0 adjoined as an isolated point. As such, the enlarged spaces are each compact, and consequently complete. By our hypothesis, the product space is then complete. Verify that the family p −1 α (X α ) is a Cauchy filter in the product space, which then converges by hypothesis. The limit is a choice function in α∈I X α .
Notice that our proof of Tychonoff's theorem is valid for completely regular compact spaces, so it is not fully general. In particular, the cofinite topology, which Kelley used in his proof, is not completely regular on infinite sets.
For compact Hausdorff spaces, our proof is fully general and no appeal to AC or UP is made in proving PCC. The use of UP is buried in the proof that a uniform space is compact if and only if it is complete and totally bounded. This proof proceeds by characterizing the totally bounded uniformities as those in which every filter is contained in a Cauchy filter. That totally boundedness implies every filter is contained in a Cauchy filter (TBCF) needs the use of UP, and conversely Theorem 3 TBCF implies UP.
Assume that X is a set and F is a filter in X. Let G be the uniformity consisting of all totally bounded pseudometrics on X. (The corresponding topology is discrete, and the uniformity is the one obtained from the embedding of X into its Stone-Cech compactification.) Let E be a subset of X, and define a pseudometric ρ by ρ(x 1 , x 2 ) = 1 if one of x 1 and x 2 (but not both) are in E, and ρ(x 1 , x 2 ) = 0 otherwise. It follows that a ρ-ball of radius one half is either E or X − E, so a Cauchy filter containing F is necessarily maximal.
